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Abstract. In recent years, many developments have been made in matching theory and
its applications to market design. This paper surveys them and suggests possible research
directions. The main focus is on the advances in matching theory that try to solve market
design problems in practical markets where the classic theory is inapplicable. Specifically,
we discuss the recent theory of matching in large markets and “approximate market
design,” and a new theory of “matching with constraints,” as well as their applications.
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1. Introduction
Matching theory has made a considerable progress ever since the seminal theoretical
contribution by Gale and Shapley (1962) and its economic application by Roth (1984).
The theory has been used to guide designs of medical match (Roth and Peranson, 1999)
and other entry-level labor markets (Roth, 2002), school choice (Abdulkadiroğlu and
Sönmez, 2003), course allocation in education (Sönmez and Ünver, 2010; Budish and
Cantillon, 2012), and organ donation (Roth, Sönmez, and Ünver, 2004, 2005, 2007), just
to name a few examples.
Theory has been put in practical use with much success, but the interaction between
theory and practice is not unidirectional. On the contrary, as more practical applications
have been made, the accompanying experiences have also uncovered limitations of existing
theory. This has opened up opportunities for researchers to not only deepen the analysis of
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existing models but also generalize the standard model or introduce new models, thereby
enabling us to address challenges that arise in applications.
Much of recent developments in matching theory has been guided by our desire to
solve practical problems with features that are absent from the standard model, and
yet important in practice. As it turns out, some of these features are so concrete that
predictions from theories that incorporate them make sharp predictions, but at the same
time they are general enough to enrich our understanding of the markets beyond one
specific example.
This paper describes recent developments in matching theory and its applications. The
survey by Abdulkadiroğlu and Sönmez (2013) based on their lectures at the last World
Congress offers an excellent introduction to the basic models as well as applications.1
Thus, in this piece, I will focus on several specific topics that represent the kind of recent
interaction between theory and practice I alluded to above. That is, my focus will be
on how the features of some real markets deviate from the classic models, and how the
theory has been modified or expanded to tackle these problems.
In this paper, I will focus on two topics that share the above general theme. The first
topic is the analysis of an approach for design that could be called “approximate market
design.” Classic theory has found that it is often impossible to satisfy some desirable
properties, no matter how hard one tries to design a matching mechanism. For example,
there exists no two-sided matching mechanism that is strategy-proof and produces a stable
matching for every given input. Another example is a result that if a labor matching
market includes a married couple who desire a pair of positions for them, then even the
existence of a stable matching is not guaranteed. There are many impossibility results like
these in the matching literature. Still, for practical design, it is not clear if these negative
results pose a big concern. We explore the idea of relaxing the desirable properties by
requiring them only approximately: In matching with couples, for instance, we will only
require the existence of a stable matching “with high probability.” In order to formalize
such approximate statements, we typically study the asymptotic behavior of the economy
as it becomes large. This modeling approach appears to be especially fit for representative
applications such as labor markets for medical residents and school choice in large school
districts.
The other topic covered in this paper is the burgeoning literature of “matching with
constraints.” In the standard theory of matching, the only constraints for an allocation are
1
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those given by each agent’s ability to consume at most a fixed number of (in many cases,
one) good and supply constraints such as limited positions in a firm or limited space in a
school. However, many matching markets are subject to other kinds of constraints.2 For
example, medical markets are often constrained by regulations that limit the number of
doctors practicing in certain medical specialties. Regulations on geographical distributions
of doctors, teachers, and other kinds of workers are widespread. School districts may
require each school in the district to maintain a certain balance of student body in terms
of socioeconomic status or academic skill. The classic theory is not applicable in such
situations, but recent advances in matching with constraints have generalized the theory
to analyze these more complicated situations.
These specific topics are of interest by themselves, but I believe that they also enable us
to learn a more general lesson. On the one hand, many models in these lines of research
are highly tailored to very specific situations so that they can be directly applied to
them: This paper offers a lot of discussions of American, British, and Japanese medical
residency markets, school choice programs in New York City and Boston, and U.S. clinical
psychologist match, for example. On the other hand, many of the models are also general
enough to guide the direction of analysis and design beyond any one application. I believe
that a good economic theory, or at least good economic theory of matching, is both
detailed enough to make a sharp prediction or recommendation in specific applications
and general and tractable enough to provide general insights and guide our thinking when
we face new problems. Thankfully, I think that the effort of the research community has
been successful in achieving both of these goals.
The rest of this paper goes as follows. Section 2 presents the basic matching model and
classical results. Section 3 describes the research on large matching market models and
approximate market design. Section 4 discusses research in matching with constraints.
Section 5 concludes.
2. Basic Model
This section introduces a simple two-sided matching model. I describe the model in
terms of matching between doctors and hospitals because the theory has been extensively
applied to that type of markets. Needless to say, one can use the same model to analyze
2
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many other situations, such as worker-firm matching or heterosexual marriage or school
choice (i.e., matching between students and schools) among other things.
Let there be a finite set of doctors and a finite set of hospitals. Let me denote a generic
doctor by i, j, and so forth, and a generic hospital by A, B, and so forth. Each doctor
i has a strict preference relation i over the set of hospitals and an exogenously given
outside option (denoted by ø) which represents being unmatched. For any doctor i and
any pair of hospitals (or the outside option) A, B, we write A i B if and only if A i B
or A = B. We say that hospital A is acceptable to doctor i if A i ø.
Notations and terminologies introduced for doctors in the last paragraph are also used
for hospitals in analogous manners. We assume each doctor can work for at most one
hospital, while allowing for a hospital to hire multiple doctors (a model with this property
is called a many-to-one matching model). Thus, naturally we assume that each hospital
has a preference relation over the set of subsets of doctors. Although in principle the preferences can be quite arbitrary, throughout this paper we assume that hospital preferences
satisfy a condition called responsiveness: This condition requires that the hospital has
a capacity (i.e., the number of positions) and a linear order over the doctors plus the
outside option, and its optimal choice from any set of applicants to it is its most preferred
acceptable doctors (with respect to the aforementioned linear order) up to its capacity.
Let us introduce further notation for preferences. Thanks to the responsiveness assumption, it turns out that only the ranking over acceptable partners matters for our
analysis. Given this observation, we denote preferences by writing an ordered list of only
acceptable partners. For example, the notation i : A, B represents a preference relation
of doctor i such that she likes hospital A best, hospital B second, and the outside option
third, and finds all other hospitals unacceptable.
A matching µ is a mapping that specifies which doctor is assigned to which hospital
(or the outside option). A matching µ is individually rational if (i) no agent is matched
with a partner who is unacceptable to her, (ii) no doctor is matched with more than one
hospital, and (iii) no hospital is matched with more doctors than its capacity. Given a
matching µ, a blocking pair to it is a doctor-hospital pair who prefer to be matched
with each other (while possibly rejecting some or all of their partners at µ) rather than
being matched according to µ. A matching is stable if it is individually rational and
there is no blocking pair to it.
A mechanism is a function from the set of preference profiles to the set of matchings.
A mechanism is said to be strategy-proof if reporting the true preferences is a weakly
dominant strategy for each agent. Strategy-proofness is regarded as an important property
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for a mechanism’s success. However, it is well-known that strategy-proofness and stability
are incompatible to each other. More specifically, there is no strategy-proof mechanism
that produces a stable matching for all possible preference profiles (Roth, 1982). Given
this impossibility result, it is customary to consider incentive compatibility for doctors
only. A mechanism is said to be strategy-proof for doctors if truthful preference
reporting is a weakly dominant strategy for each doctor.
In this problem, the following (doctor-proposing) deferred acceptance algorithm
due to Gale and Shapley (1962) plays a crucial role:
• Step 1: Each doctor applies to her first choice hospital. Each hospital rejects
its least-preferred doctors in excess of its capacity and all unacceptable doctors
among those who applied to it, keeping the remaining doctors tentatively.
In general, for any t = 1, 2, . . .
• Step t: Each doctor who is not tentatively kept by a hospital applies to her next
highest choice (a doctor does not apply to any hospital if she has been rejected by
all hospitals acceptable to her). Each hospital considers these doctors and doctors
who are tentatively kept from the previous step together, and rejects its leastpreferred doctors in excess of its capacity and all unacceptable doctors, keeping
the remaining doctors tentatively.
This algorithm terminates at the first step in which no rejection occurs (clearly, it terminates in a finite number of steps). Gale and Shapley (1962) show that the resulting
matching is stable. This algorithm plays an important role throughout, and I discuss
it many times, so I refer to it as DA for brevity (the hospital-proposing version of the
deferred acceptance algorithm can be defined in an analogous manner, but in this paper
I use DA to refer to only the doctor-proposing version of the algorithm).
Even though there exists no strategy-proof mechanism that produces a stable matching
for all possible inputs, DA is strategy-proof for doctors (Dubins and Freedman, 1981; Roth,
1982).
3. Large Markets and Approximate Market Design
3.1. Manipulating stable mechanisms. As already mentioned, the stability requirement for a matching mechanism necessarily leads to manipulation possibilities, because
there is no stable mechanism that is strategy-proof for both sides of the market. Below
is a (perhaps unrealistically) simple example illustrating this point for DA.
Example 1. Consider the following market with two hospitals A, B, and two doctors i, j.
Suppose that each hospital has only one position, and the hospital and doctor preferences
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are
A : i, j,

i : B, A,

B : j, i,

j : A, B.

With this input, at the first step of DA, i and j apply to B and A, respectively, and both
of them are accepted. Hence, DA terminates at the first step, and the resulting matching
is
µ=

A B
j

!
,

i

where this matrix notation means A is matched to j while B is matched to i.3
Now, suppose that hospital A misreports its preferences by declaring that only i is
acceptable to it (hence j is unacceptable to it). Then, at the first step of DA, j’s application to A is rejected, while i’s application to B is tentatively accepted. The algorithm
proceeds to step 2, j applies to B, and B tentatively accepts j while rejecting i. Then, at
step 3, i applies to A, and this application is accepted. DA terminates at this step, and
the resulting matching is:
µ0 =

A B
i

j

!
.

Comparing matchings µ and µ0 , one can verify that hospital A is made better off by
misreporting its preferences, implying that DA is not strategy-proof.



As mentioned earlier, the manipulability of DA in the above example can be extended
to the general impossibility of strategy-proof and stable mechanisms. This finding has
a profound implication for matching theory. It provides a sense in which a desirable
market design is impossible for the two-sided matching problem if its participants behave
strategically. However, whether this impossibility result has a “bite” in practice or not is
far from obvious. This is because the result is based on a highly stylized example under
complete information, and it is silent about whether DA or other stable mechanisms
are easily manipulable in reality. If anything, there are many real markets that employ
stable matching mechanisms despite its incentive incompatibility, and evidence suggests
that stable mechanisms work without much problem while unstable ones often fail (Roth,
1991, 2002). A question for economists is to understand why stable mechanisms appear
to be working despite the failure of strategy-proofness.
3I
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To tackle this problem, Roth and Peranson (1999) conduct a series of simulations on
data from the NRMP and other medical matching markets as well as randomly generated
data. In their analysis of NRMP data, they find that very few agents had any profitable
misreporting of preferences. Among the key features of the NRMP data is that there
are many participants. For the randomly generated data, Roth and Peranson (1999)
find that the proportion of agents who can profitably misreport preferences is smaller in
large markets than in small markets, as shown in Figure 1. These findings lead them to

	
  

Figure 1. The vertical axis measures the proportion of hospitals that have
a profitable unilateral manipulation in DA (denoted C(n)/n). There are n
doctors and n hospitals, each doctor finds a constant number k of hospitals
acceptable, each firm ranks all doctors who apply to it, and preferences are
uniformly i.i.d. Reproduced from Roth and Peranson (1999).
conjecture that the proportion of participants who can profitably misreport preferences
decreases and tends to zero as the size of the market grows.4
Theories have been developed to account for this regularity found in numerical analysis,
and formalized a sense in which the above conjecture holds. We follow Immorlica and
Mahdian (2005) and Kojima and Pathak (2009) to illustrate the main forces behind this
phenomenon. Consider a growing sequence of markets indexed by the number of hospitals,
which can be interpreted as representing the market size (the number of doctors are
allowed –although not required– to grow at the same rate as the hospitals). Each agent’s
preference is his or her private information. Doctors and hospitals simultaneously report
4Similar

empirical observations have also been made for other markets such as APPIC, which is an

American market for clinical psychologists (Kojima, Pathak, and Roth, 2013), and Boston Public School’s
student assignment system (Pathak and Sönmez, 2008).
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their preferences given their private information. Under certain regularity conditions
(which we discuss in Section 3.1.1), Kojima and Pathak (2009) show approximate incentive
compatibility of DA as formalized in the following statement.
Theorem 1. Consider a sequence of markets. For any ε > 0, there exists a positive
integer n such that truthtelling is an ε-Bayes Nash equilibrium in the game of preference
reporting under DA for each market with at least n hospitals.5
Instead of presenting the formal proof, let us describe an intuition here. To do so, recall
first that DA is strategy-proof for doctors, so it suffices to show approximate incentive
compatibility for hospitals. More specifically, we shall establish that, for each hospital,
truthtelling of its preferences is an approximate best response if everyone else is truthful.
For this purpose, we first note that the intuitive reason for a successful misreporting by
hospitals is by way of a “rejection chain,” which is a chain reaction of applications and
rejections that occur during the execution of the algorithm. More specifically, a rejection
chain is a sequence of applications and rejections initiated by a strategic rejection which
causes the rejected doctor to apply to her next choice hospital, which may displace another
doctor, who applies to her next choice hospital, and so forth. Some of the rejected doctors
along the rejection chain may apply to the misreporting hospital, and this hospital may
be made better off if these new applicants are desirable.6 In the context of the previous
example, hospital A initiates a rejection chain by rejecting j; the rejected doctor j applies
to her next choice hospital B, causing it to reject doctor i; and this in turn causes i to
apply to the original manipulating hospital A, making it better off.
The above observation helps obtain the intuition for the approximate incentive compatibility result in Theorem 1. In a large market (in the sense of having a large number
of participants), there are many hospitals with at least one vacant position at the DA
outcome under truthtelling (with high probability).7 This implies that the doctors who
are strategically rejected by a misreporting hospital or the doctors who are rejected by
them –directly or indirectly– later in the rejection chain are likely to apply to one of the
hospitals with those vacant positions. Once a doctor applies to a vacant position, she
is accepted and the rejection chain terminates because no new doctor is rejected. When
5We

say that a strategy profile is an ε-Bayes Nash equilibrium if no agent gains more than ε in

expectation by any unilateral deviation from that strategy profile.
6
This intuition turns out to be precise. More specifically, Kojima and Pathak (2009) show that if there
exists profitable misreporting for a hospital, then that hospital receives an application by some doctor at
some step of the rejection chain.
7A number of regularity conditions play important roles to guarantee that there are many vacant
positions. This point is discussed in some detail in Section 3.1.1.
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this happens, the misreporting hospital loses the original doctor because of strategically
rejecting her, but it does not get any new doctor. Therefore, in a large market the misreporting hospital is unlikely to be made better off at all, which implies approximate
incentive compatibility as stated in the theorem.
Remark 1. Theorem 1 has an implication for a structural property of the set of stable
matchings. It is well-known that if there are two stable matchings such that a hospital is
matched to different sets of doctors between them, then there is a profitable preference
misreporting for that hospital under DA (the converse holds for one-to-one matching,
although not in many-to-one matching). Hence Theorem 1 implies a “core convergence”
property in the sense that if the market is large, then for most agents, their stable matching
partner(s) is unique.
3.1.1. How robust is approximate incentive compatibility? While it may be tempting to
summarize the aforementioned findings as that “incentive problems go away for DA in
large markets,” such a general statement can be misleading. In particular, the result of
Kojima and Pathak (2009), as well as earlier analyses by Roth and Peranson (1999) and
Immorlica and Mahdian (2005), relies on a number of regularity conditions.
Among others things, let me discuss the so-called “limited acceptability” assumption.8
This assumption requires that each doctor finds only a small fraction of hospitals acceptable among many hospitals in the market. In its simplest and perhaps most restrictive
form, this notion is formalized as the assumption that there is a fixed number k such that
all doctors find only k hospitals acceptable even as the number of the hospitals, n, grows
without a bound.
Limited acceptability is widely assumed in the literature despite its restrictiveness, so
it seems to warrant discussion here. Roth and Peranson (1999) motivate this assumption
by an empirical observation. Specifically, they note that the numbers of employers listed
as acceptable in most applicants’ submitted preferences are very small in practice. For
example, most applicants in NRMP apply to 15 or fewer hospital residency programs
out of about four thousand programs (Roth and Peranson, 1999); in Japanese Residency
Matching Program, the average number of programs listed by applicants is between 3
and 4 out of more than 1000 residency programs (Kamada and Kojima, 2015); in NYC
high-school match, more than 70 percent of the students list 11 or fewer school programs
out of about 500 (Kojima and Pathak, 2009); in APPIC (an American matching market
8To
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for clinical psychologists), both the median and mean number of programs listed in the
applicants is between 7 and 8 out of just over 1000 programs.
Another motivation for this assumption is that under unlimited acceptability (i.e., the
assumption that every doctor finds every hospital acceptable and vice versa), predictions
from large market models do not match stylized facts. Roth and Peranson (1999) conduct
simulations in markets in which the numbers of doctors and hospitals are equal to each
other, and they find that the average proportion of hospitals that have a profitable misreporting opportunity increases under unlimited acceptability, as shown in Figure 2. In

	
  

Figure 2. The vertical axis measures the proportion of hospitals that have
a profitable unilateral manipulation in DA (denoted C(n)/n). There are n
doctors and n hospitals, each doctor finds each hospital acceptable and vice
versa, and preferences are i.i.d. uniformly distributed. Reproduced from
Roth and Peranson (1999).

fact, Knuth, Motwani, and Pittel (1990) have shown earlier that the expected proportion
of such hospitals converges to 100 percent as the market size goes to infinity.9 These
results cast some doubts on the external validity of the above approximate incentive compatibility results: Does it hinge on very restrictive assumptions or is it a robust feature
of most markets in practice?

9Kojima

and Pathak (2009) note that the extreme form of limited acceptability such as constant k is

not needed for their conclusion and show sufficient conditions for the growth rate of k as a function of n,
but the growth rate that is allowed in their analysis is as slow as o(ln(n)).
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To my knowledge, Lee (2012) is the first to make a significant theoretical advance
to shed light on this issue. He sets up a model of one-to-one matching10 where the
numbers of doctors and hospitals are equal to each other, and each doctor finds each
hospital acceptable and vice versa– an environment where each hospital has a profitable
misreporting under DA with high probability. Agents are ex ante identical and draw
cardinal utility functions from a certain distribution. Lee (2012) shows that, for any
stable matching mechanism, the expected cardinal utility gain from optimal preference
misreporting becomes vanishingly small as the market becomes large. Note that this
result does not contradict the earlier manipulability results under unlimited acceptability
by Knuth, Motwani, and Pittel (1990) and Roth and Peranson (1999). This is because
what these earlier papers show is that there is a large probability that a misreporting
results in some strictly positive utility gain, whereas what Lee (2012) shows is that for
most instances of profitable manipulation, the cardinal utility gain from a manipulation
is very small. His result shows that, even with unlimited acceptability, there is a sense in
which stable mechanisms are hard to exploit by preference misreporting.
Another major advance has been made by a recent contribution by Ashlagi, Kanoria,
and Leshno (2014). They consider one-to-one matching markets with unlimited acceptability, just as earlier studies such as Knuth, Motwani, and Pittel (1990), Roth and Peranson (1999), and Lee (2012). In contrast to these contributions, however, they assume
that the market is unbalanced in the sense that the numbers of doctors and hospitals
are different from each other.11 Surprisingly, they find that unbalanced markets behaves
very differently from balanced ones. They establish that in an unbalanced market, the
expected number of hospitals who can profitably misreport becomes small as the market
becomes large, just as in the markets with limited acceptability studied by Kojima and
Pathak (2009). In other words, the manipulability problem under unlimited acceptability
may be a knife edge phenomenon for balanced markets, and in a “typical” market (even
with a small imbalance between the demand and supply of doctors), stable mechanisms
are robust to strategic manipulations.
3.2. Complementarity and existence. Another problem that a labor matching organizer often faces is caused by preferences that exhibit complementarity. A canonical
example is preference complementarity of married couples who need two jobs, one for each
10

Appendix E of Lee (2012) extends his results to the many-to-one matching model, but the analysis

for this case is significantly more complicated, and it does not fully establish approximate incentive
compatibility for the many-to-one case.
11
Some other studies such as Immorlica and Mahdian (2005) and Kojima and Pathak (2009) allow for
balanced as well as unbalanced markets, and their results hold in both cases.
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member. For most couples, many pairs of positions are complements because they want
to have two jobs close to each other.
Match organizers such as NRMP and APPIC try to accommodate couples by letting
them submit preferences over pairs of hospital positions and treating them differently from
singles in the algorithm.12 Couples pose a more fundamental problem, however, because
their presence in the market can lead to non-existence of stable matchings. This, of course,
implies that it is impossible to find a mechanism that produces a stable matching for all
possible preferences. To see these facts clearly, consider the following simple example.
Example 2. There are two hospitals A and B with one position each, one single doctor
s and one couple (m, w) composed of the man m and the woman w. Their preferences
are
A : m, s,
B : s, w,

s : A, B,
(m,w) : (A, B),

where the notation for the couple (m, w) means that the only acceptable outcome for this
couple is for m to be matched to A and w to be matched to B, and everything else is less
preferred to the outside option (the outcome in which both members of the couple are
unmatched). To show that there exists no stable matching in this market, consider the
following (exhaustive) cases.
(1) Suppose m and w are matched to A and B, respectively. Then s is unmatched
because the seats of both hospitals are filled by the couple. Given this, s and
B block this matching because s prefers B to her current outcome (the outside
option) and B prefers s to its current match, w.
(2) Suppose m and w are both unmatched.
(a) If s is matched to A, then the couple (m, w) and hospitals A, B block this
matching since the couple prefers (A, B) to the current outcome (the outside
option), A prefers m to its current match s, and B prefers w to its current
outcome (the outside option).
(b) Suppose that s is matched to B or s is unmatched. Then s and A block this
matching because A is the first choice for s while A prefers s to its current
outcome (the outside option).
12

Other match organizers such as Scottish Foundation Allocation Scheme (the medical matching mar-

ket in Scotland) do not ask couples to submit preferences over pairs of positions, but have the algorithm
follow an exogenously given rule to guarantee that the two positions for each couple are not too far away
from each other.
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(3) Every other matching is individually irrational for the couple (m, w), so it is unstable.
Cases (1)–(3) are exhaustive, so this establishes that there exists no stable matching in
this market.
This conclusion immediately implies that there exists no algorithm which is guaranteed
to produce a stable matching in the presence of couples. To get intuition, however,
consider an algorithm that tries to modify the doctor-proposing DA to accommodate
couples. More specifically, imagine that the algorithm lets doctors apply as in DA, but lets
each couple apply to pairs of positions, and if one member of the couple is rejected, then
it lets its remaining member withdraw her application to her tentative partner, and lets
other applicants withdraw their current applications to apply to the newly open position,
and so on (these features are important for addressing preference complementarity). If
one applies such a modified algorithm to the present example, then it would proceed as
follows: In the first step, s applies to A while m and w apply to A and B, respectively.
Given these applications, A rejects s in favor of m. Then, in the second step, s applies to
his second choice, B. Now, given the new application, B rejects w and keeps s. Because
w has been rejected, the couple withdraws the application of m to A. This withdrawal
creates a vacancy at A, so now s withdraws the application to B and applies to A.
Finally, m and w apply to A and B, respectively, which results in the same situation as
in the very first step of the algorithm. Thus, this heuristic algorithm follows a cycle of
applications and rejections and fails to terminate, never producing a stable matching in
this market.



Despite this theoretical possibility, some matching clearinghouses in practice regularly
enjoy high rates of participation and produce matchings that are honored by participants.
In fact, these clearinghouses have almost always found stable matchings. For instance,
Roth and Peranson (1999) run several variants of DA on submitted preferences from 1993,
1994 and 1995 in NRMP and find that these algorithms produce a stable matching for
each of these years. Kojima, Pathak, and Roth (2013) similarly study data from APPIC
during 1999-2007 and find a stable matching for each of these years.
These observations beg the question: why do these matching clearinghouses produce
stable matchings even though the standard theory suggests there may exist no stable
matchings when couples participate? Kojima, Pathak, and Roth (2013) suggest that the
market size may be the answer. More specifically, under certain regularity conditions
similar to those in Kojima and Pathak (2009), the probability of the existence of a stable
matching is high in large markets:
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Theorem 2. Consider a sequence of markets. For any ε > 0, there exists a positive
integer n such that the probability that a stable matching exists is at least 1 − ε for each
market with at least n hospitals.
This result can be shown using a constructive algorithm, which shows not only the
existence of a stable matching, but also how to find it. The algorithm is a close variant
of the one used in NRMP and works as follows. First, we run DA for a market composed
of hospitals and single doctors only, while excluding couples. Then we add couples to the
market one by one, allowing them to apply to pairs of positions from their top choices
as described in Example 2. The additional applications by a couple may displace some
doctors, creating rejection chains just as those created by a strategic rejection analyzed
in Section 3.1. If a rejection chain reaches a hospital which a member of some couple
is tentatively matched to, then he or she may be dislocated and cause withdrawal of an
application by the remaining member of the couple, which may lead to a failure of an
algorithm, as we have observed in Example 2. In a large market with many hospitals,
however, it is with high probability that the rejection chains created by the couples are
terminated as a doctor applies to a hospital with a vacant position, just like the rejection
chain created by strategic manipulation in the last section. Therefore, in large markets
with a relatively small number of couples, the probability of the existence of a stable
matching is high.
3.2.1. How robust is approximate existence? As in the case of the approximate incentive
compatibility, it is important to note that the proof of asymptotic existence by Kojima,
Pathak, and Roth (2013) depends on a number of assumptions such as limited acceptability. One of the most important– and perhaps the most restrictive– assumptions is that
the number of couples is very small compared to the market size. More specifically, the
authors assume that the number of couples grows at a rate that is strictly smaller than
the square root of the number of the hospitals (whereas the number of single doctors can
grow at the same rate as the number of hospitals), and this assumption plays a crucial
role in their proof. Roughly speaking, this assumption requires that the proportion of
couples becomes vanishingly small, and does so fast enough. This is unfortunate because
there is no obvious reason that a large market size makes most applicants singles. Kojima,
Pathak, and Roth (2013) complement their theoretical results using data from APPIC
and simulations on randomly generated data, verifying that in these markets, the probability of finding a stable matching is indeed close to one. Still, the reason for such high
probability of existence remained somewhat unresolved.
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Ashlagi, Braverman, and Hassidim (2014) address this issue. They demonstrate that if
the number of couples increases strictly more slowly than the market size–not the square
root of the market size–, then the probability of the stable matching existence converges to
one as the market size grows.13 The proof is based on a novel modification of the algorithm
used in Kojima, Pathak, and Roth (2013), which enables them to declare failure for fewer
instances and find a stable matching more often than Kojima, Pathak, and Roth (2013).
In addition, the authors find that if the number of couples increases at the same rate
as the market size, then the non-existence probability can stay bounded away from zero
even in large markets. Therefore, for the guaranteed existence of a stable matching, it
is necessary for the couple population to grow more slowly than the market as a whole.
Given this necessity result, we still do not seem to fully understand whether matching
markets work well in real large markets when the proportions of couples are high.14
3.2.2. Complementarity. Married couples offer a leading example of complementarity, but
they are not the only source of it. To the contrary, complementarities are prevalent in
various markets. Firms often seek to hire workers with complementary skills. Professional
sport teams demand athletes that complement one another in skills or in their positions.
Public schools may need to satisfy diversity of their student bodies in terms of skill levels
or socio-economic statuses.
Che, Kim, and Kojima (2015) and Azevedo and Hatfield (2014) study this problem
and find that, similarly to the case of matching with couples, there is a sense in which
the market size helps establish the existence of a stable matching.15 Both papers study
a model of continuum of agents and find that a stable matching exist in the continuum
13Strictly

speaking, there are some other differences in assumptions between Ashlagi, Braverman, and

Hassidim (2014) and Kojima, Pathak, and Roth (2013), so a direct comparison is not obvious. However,
these differences appear to be unimportant for the main mechanics of the model and analysis, so I do not
elaborate on them here.
14In that regard, a series of studies in computer science have made notable advances. Biró, Irving, and
Schlotter (2011) consider a certain matching problem with couples that is motivated by medical matching
in Scotland, and compare various algorithms including the one used in Scotland as well as the one used
in NRMP. Biró, Fleiner, and Irving (2011) and Biró, Manlove, and McBride (2014) provide algorithms
which are based on Scarf’s algorithm and integer programming, and show that stable matchings are
found by these algorithms with high probability even when the proportion of couples is high. For these
contributions, see an interdisciplinary survey by Biró and Klijn (2013).
15There are several differences between the models of Che, Kim, and Kojima (2015) and Azevedo and
Hatfield (2014), so their results are independent of each other. I do not go into detail here and discuss
the main features that are common to both papers unless otherwise noted.
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economy.16 Based on that result, these papers study markets with a large but finite
number of participants. While the existing impossibility results in the literature (Hatfield
and Milgrom, 2005; Hatfield and Kojima, 2008; Sönmez and Ünver, 2010) imply that a
stable matching does not always exist in any finite market, there exists a matching that
is “almost stable” in the sense that the utility gain from blocking it is negligibly small,
and in addition the blocking activity leads to only a small change in the overall matching
pattern of the economy.
In addition to the substantive contribution, a novel methodology may be worth mentioning. In Che, Kim, and Kojima (2015), existence of a stable matching is shown based
on two findings: (i) a stable matching is characterized as a fixed point of a certain mapping
over a functional space that, like the classical tâtonnement process in general equilibrium
theory, adjusts demand and supply of positions, and (ii) such a fixed point exists given
the continuity of the tâtonnement mapping, where the continuum population assumption
plays a crucial role for establishing the continuity property.17 The existence of a fixed
point is established by the Kakutani-Fan-Glicksberg fixed point theorem, a generalization
of Kakutani fixed point theorem to function spaces. While this type of technique is not
uncommon in economics and game theory, it appears to be new to the matching literature.
A recent paper by Nguyen and Vohra (2014) explores another approach. They consider a
situation in which the social planner can force some hospitals to accommodate an excessive
number of applicants by increasing their capacities. The authors provide a bound on the
increase of positions such that the existence of a stable matching is guaranteed. In the
case of couples, even if a given instance has no stable matching, there is another instance
with a small change of seats – at most 4 seats in each hospital and at most 9 seats in
total– where a stable matching exists. Thus, as long as the social planner can change
the number of positions of some hospitals, say through mandate or subsidy, then a stable
matching exists.18

16It

is worth mentioning the preceding research by Azevedo and Leshno (2014). They, like Che, Kim,

and Kojima (2015), set up a model with a finite number of hospitals and a continuum of doctors. The
main difference is that Azevedo and Leshno (2014) assume that hospitals have responsive preferences,
which implies the absence of complementarity.
17The construction of the tâtonnement-like mapping is inspired by those in the literature such as
Adachi (2000), Hatfield and Milgrom (2005), and Echenique and Oviedo (2006), but some modifications
are needed to account for the continuum population.
18Nguyen, Peivandi, and Vohra (2014) use a similar idea of violating feasibility in a random object
allocation setting and obtain a result of a similar flavor.
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3.3. Object allocation. We now turn our attention to the object allocation setting, i.e.,
the problem in which the social planner has a number of indivisible objects and aims to
allocate them to the members of the society. In this setting, stability is not the main
requirement because no agent has a resource with which she can block the prescribed
assignment.19 Instead, other properties such as efficiency, fairness, and incentive compatibility are of the primary importance.
In this setting, one of the most well-known mechanisms is the random priority (also
known as random serial dictatorship) mechanism, RP henceforth. In this mechanism, a
serial order over all the applicants is determined by a fair lottery. Then, under the realized
serial order, the first applicant receives her stated first choice object, the second applicant
receives his stated first choice among the remaining objects, and so forth. In addition to
being very simple to describe and easy to implement, RP has desirable properties. First,
it is strategy-proof. Second, this mechanism satisfies the “equal treatment of equals”
property, a form of fairness which means that two applicants whose stated preferences are
identical to each other receive the same random assignment. Third, it is ex post efficient
in the sense that the final (deterministic) outcome after the lottery has been resolved is
Pareto efficient.
However, despite its ex post efficiency, the RP mechanism may produce a random
assignment that is inefficient from an ex-ante point of view. To see this point, consider
the following example due to Bogomolnaia and Moulin (2001) with a slight modification.
Example 3. Let there be four applicants with preferences given by
i1 : A, B,
i2 : A, B,
i3 : B, A,
i4 : B, A,
and two hospitals A and B, each with only one seat to be allocated. As we are considering
the object allocation setting in this section, let these hospitals be mere objects to be
consumed by the applicants, and thus have no intrinsic preferences.20
19However,

note that stability can be interpreted as a fairness property if the objects are endowed

with priorities over the agents as in the case of the school choice problem (Abdulkadiroğlu and Sönmez,
2003).
20Although hospitals have their own preferences in many doctor-hospital matching markets, we keep
using the term “hospital” here for convenience. Note also that in some markets such as U.K., hospitals
preferences are not elicited and hospitals are treated as mere objects to be assigned to doctors (Biró,
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Let me now describe how RP works in this example. If the realized serial order is
i1 , i2 , i3 , i4 , then i1 receives A, i2 receives B, and i3 and i4 receive the outside option. If
the realized order is i4 , i3 , i2 , i1 , then i4 receives B, i3 receives A, while i2 and i receive the
outside option. Observe that, under the first serial order, doctor i2 receives the seat at B
although it is her less preferred hospital. Also observe that, under the second serial order,
doctor i3 receives the seat at A although it is his less preferred hospital. Moreover, B is
the first choice for i3 while A is the first choice for i2 . Therefore, if they could exchange
probability shares of receiving these hospitals with each other at the ex ante stage, then
both doctors would be better off. In other words, RP leaves some room for mutually
beneficial trades in probability shares (although not in the final pure outcomes), and thus
it is not ex ante efficient.



To improve efficiency in this problem, Bogomolnaia and Moulin (2001) propose a new
mechanism. It is called the probabilistic serial (PS) mechanism, and it is based on a
procedure called the “simultaneous eating algorithm” as follows. Imagine that each doctor
reports her preferences, and the doctors (or more precisely, proxies on the doctors’ behalf)
simultaneously engage in “eating” at the speed of one in time interval [0, 1]. What do the
doctors eat? Each doctor eats an infinitesimal amount of probability shares to get into a
hospital of her choice. That is, at each point in time interval [0, 1], each doctor increases
the probability to receive her first choice hospital by a unit speed. If many doctors desire
the same hospital, the sum of the probability shares of that hospital eaten away may
reach its supply of the seats before the ending time of the algorithm, i.e., time one. If
such a situation occurs, then the algorithm prohibits doctors from eating further from that
hospital, and has them eat from their most preferred remaining hospitals. At time one,
each doctor has eaten probability shares from various hospitals. These probability shares
indeed specify a valid probability distribution over the objects because by construction
each of them is nonnegative and they sum up to one. The PS mechanism returns this
probability share profile as its output.
Bogomolnaia and Moulin show that PS eliminates the kind of inefficiency of RP we
saw in Example 3. At the PS outcome in the above example, doctors i and j are admitted to hospital A with probability 1/2 while the other two doctors get into hospital B
with probability 1/2. These probabilities are more preferred to the RP assignments by
all doctors, and it is efficient in the sense that no further improvement for everyone is
possible. More generally, Bogomolnaia and Moulin (2001) show that the PS assignment
Irving, and Schlotter, 2011). In other applications such as school choice, it is common for schools to be
treated as objects (Abdulkadiroğlu and Sönmez, 2003).
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always satisfies an efficiency property called ordinal efficiency (or sd-efficiency), which is
the property that it is not first-order stochastically dominated by any other random assignment.21 Moreover, the PS assignment is fair in the sense that an agent’s own random
assignment (weakly) first-order stochastically dominates those of others with respect to
her own preference. This property is called envy-freeness, and it implies equal treatment
of equals, the main fairness property of RP (by contrast, RP does not necessarily satisfy
envy-freeness).
PS has one major drawback, however: This mechanism is not strategy-proof. Unfortunately, Bogomolnaia and Moulin (2001) demonstrate that there is no mechanism that
satisfies strategy-proofness, ordinal efficiency, and equal treatment of equals. Both RP
and PS satisfy two of these three properties, and there is no way to improve upon them
to satisfy all of them.
Given this impossibility result, it is important to study the tradeoffs between RP and
PS in the kind of applications that are of practical interest. Pathak (2007) conducts
simulations based on the data from New York City’s high-school match. He computes
the RP and PS assignments under the submitted preferences in NYC’s supplementary
round of school seat assignment. He finds that the PS assignment places more applicants
to their preferred choices than RP, but the difference is very small: For example, out of
the total of 8,255 students, about 4,999 receive their top choice in RP, while 5,016 receive
their top choice in PS, a difference of mere 17. Based on this finding and the fact that
PS is not strategy-proof, he recommends using RP rather than PS in this application.
On the other hand, Kojima and Manea (2010) show that PS becomes non-manipulable
in large markets. More specifically, given any doctor and her preferences, if hospital capacities are sufficiently large, then PS makes it a dominant strategy to report her true
preferences (note that truthtelling is an exact, as opposed to approximate, dominant strategy in this statement). To get an intuition for this result, observe that misreporting in PS
has two effects. First, given the same set of available hospitals, reporting false preferences
may prevent a doctor from eating her most preferred available hospital. Second, reporting false preferences can delay the expiration date of some hospital (that is, the period at
which the hospital gets completely eaten away) by affecting the overall eating schedules
of the doctors. The first effect always weakly hurts the misreporting doctor because it
may prevent her from eating her most preferred remaining hospital, but the second effect
can benefit the doctor by allowing her to eat probability shares of her preferred hospital
later in the algorithm than under truthtelling. But the second effect becomes small in
21The

term “sd-efficiency” is an abbreviated expression for stochastic-dominance efficiency.
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large markets because the expiration dates of the hospitals are pinned down by eating
behavior of many doctors. On other other hand, the cost of eating suboptimally does not
become small. Thus, the first negative effect dominates the second (potentially positive)
effect, which establishes the large-market incentive compatibility of PS.
These studies are aimed at understanding the tradeoffs between RP and PS and, interestingly, they show that shortcomings of both mechanisms become small in large markets.
A natural question is why this is the case, and whether one can still make a recommendation between these mechanisms on the basis of some other properties.
Che and Kojima (2010) study this issue and show that the tradeoffs between these
mechanisms vanish in large markets. More precisely, they demonstrate that RP and PS
assignments converge to the same limit as the market size becomes large. Therefore, in
the school choice application, as long as the district is large as in the case of NYC, there
is little difference between RP and PS. In fact, this result implies that both mechanisms
approximately achieve all the desirable properties mentioned above, i.e., ordinal notions
of efficiency, incentive compatibility, and fairness. Just as in the two-sided matching case,
market size helps the social planner achieve desirable properties that are impossible in
an exact form for markets of arbitrary sizes. For instance, consider replica economies
of Example 3, where in the q-fold replica economy, there are supplies of q seats in each
hospital, as well as q copies of each doctor in the base economy. The probability that a
doctor is matched to her less preferred hospital is positive for all q but approaches zero
as q → ∞, as can be seen in Figure 3.
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Figure 3. Horizontal axis: Market size q. Vertical axis: probability for
each doctor to be matched to her second choice hospital. Reproduced from
Che and Kojima (2010).
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3.3.1. Further developments. While the above contributions have identified some senses in
which RP and PS mechanisms both achieve desirable properties in certain large markets,
they are far from being the last word on this problem.
A notable contribution is made by Manea (2009). He considers allocation of n different
types of objects to n agents, where each agent should be allocated exactly one object.
In this setting, he shows that the proportion of preference profiles under which the RP
random assignment is ordinally inefficient converges to one as n goes to infinity. This
result may sound contradictory to Che and Kojima (2010), so two points are worth some
discussion in order to to understand these results better. First, there are different ways
in which we can model large markets: In Kojima and Manea (2010) and Che and Kojima
(2010), the number of the types of the objects are fixed and the supply of each type of
object increases, while in Manea (2009), it is the types of objects that increases while the
supply of each type of good is fixed at one. Which of the “large markets” describes a given
market better depends on the application in question, and thus the policy implication
should be derived with some caution. Second, the notion of ordinal efficiency used by
Manea (2009) is binary in the sense that a random assignment is judged to be efficient if
and only if there is no room for improvement at all, while the other contributions such as
Pathak (2007) and Che and Kojima (2010) use approximate efficiency, i.e., they judge a
random assignment to be close to being efficient as long as the room for an improvement
is small.
Another recent contribution is related to the asymptotic equivalence result of Che and
Kojima (2010). Their approach leaves unanswered the question of whether the equivalence
depends crucially on the algorithmic features of these mechanisms or there is a deeper
reason for the equivalence. Moreover, from a practical point of view, it is reasonable
to ask whether there are other mechanisms that satisfy good finite-market properties in
efficiency, incentives, and fairness (or at least some of them) and behave differently from
RP or PS in large markets, which may leave some scope for improvements over RP and
PS. A recent study by Liu and Pycia (2013) investigates this issue. They demonstrate
that asymptotically efficient, symmetric, and asymptotically strategy-proof mechanisms
converge to the same limit as the market size becomes large. Therefore, mechanisms such
as RP and PS exhaust most of the good properties, and at least in large markets, little
room for further improvement is left. Theoretically, it also shows that the asymptotic
equivalence as identified by Che and Kojima (2010) is not an isolated coincidence for
these two mechanisms, but an instance of a more general phenomenon.
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3.4. Discussion on the “large market methodology”. As detailed in the previous
sections, considering large markets allows us to overcome many existing impossibility
results by establishing approximate properties in various contexts, ranging from incentives
to existence and efficiency. Given that so many positive results hold in large markets, some
researchers have raised the following concern to me: Isn’t the large market approach
“too permissive,” and this methodology will result in a theory with the “anything goes”
property, i.e., any conclusion can be drawn? I think that these criticisms are unfounded.
This section explains why.
The above two criticisms are closely related to each other, but for the sake of argument,
let me begin with the first criticism that the large market modeling strategy is “too
permissive”. This criticism appears to suggest that there are “too many” positive results
in large markets while there are negative results in finite markets. I do not think that this
is a valid criticism because there is no reason that there should be a “right proportion” of
positive or negative results except for the amount dictated by reality. If many problems
of matching mechanisms in small markets indeed vanish in large markets, then that fact
simply uncovers the nature of reality, and not any drawback of the modeling approach.
Unless the positive results in those large market studies are shown to depend on unrealistic
assumptions or contradict data, this line of criticism does not have any ground.
This leaves us with the second concern, which may be summarized as the “anything
goes” claim. That is, the degree of freedom in modeling choice is too high, and any
positive result one wishes to obtain can be obtained by choosing a model in a clever
manner.
While this claim could be valid in principle, it does not appear to be supported by
what has happened in the research in large matching markets so far. For instance, take
a claim that strategic misreporting vanishes in large markets. As we have seen before,
this claim has been shown to be true for stable mechanisms in various settings. However,
this statement highly depends on the nature of the mechanism (stability), and thus it is
not a blanket claim that incentives are unimportant in large markets. To see this point,
we consider the so-called Boston mechanism, which was used in Boston for student
placement before it was replaced by DA. The mechanism proceeds as follows:
• Step 1: Each doctor applies to her first choice hospital. Each hospital rejects the
lowest-ranking doctors in excess of its capacity and all unacceptable doctors.
In general, for any t = 1, 2, . . . ,
• Step t: Each doctor who was rejected in the last step proposes to her next highest
choice. Each hospital considers these doctors, only as long as there are vacant
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positions not filled by doctors who are already matched by the previous steps, and
rejects the lowest-ranking doctors in excess of its capacity and all unacceptable
doctors.
This algorithm terminates when every unmatched doctor (if any) has been rejected by
every hospital acceptable to her. The main difference of this mechanism from DA is that
in each step of the algorithm, doctors who are not rejected are accepted immediately
rather than in a deferred manner.22
Under this mechanism, doctors may have incentives to misrepresent their preferences
even in large markets. To see the reason for this, consider a situation where a doctor’s
first choice is so popular that she is unlikely to be matched if she truthfully ranks it as her
top choice in her reported preference. Also assume that her second choice is reasonably
popular and thus she is unlikely to be matched to it if she applies to it as her second
choice, but there is significantly better chance to be accepted if she applies to it in the
first step of the algorithm (note that this is a likely scenario under the Boston mechanism
while not in DA). Then she is made better off by misreporting her preference by listing
her true second choice as her stated first choice.
Note that in order to make an inference just illustrated above, the doctor only needs to
know the overall popularity of the hospitals. Such aggregate information is often available
to each doctor even in large markets, if with some noise. And note that the argument
presented above holds even if the doctor’s information is noisy. Indeed, an example of
Kojima and Pathak (2009) shows that this argument goes through with preferences being
private information of each doctor, showing that manipulation incentives does not vanish
even as the market size goes to infinity.
The preceding discussion demonstrates that it is not true that all problems go away
in large markets. On the contrary, the large market modeling approach allows us to
distinguish mechanisms based on approximate desiderata. By contrast, if researchers are
constrained to use only traditional binary criteria such as exact strategy-proofness or exact
efficiency, too many mechanisms fail such stringent requirements, and we end up being
unable to capture the crucial difference between mechanisms that are close to achieving
good properties and those that are far from doing so. Failing to capture such difference
is problematic because the distinction between good and bad mechanisms seems to be as
important as (if not more important than) the distinction between perfect and less-thanperfect ones. Therefore, contrary to the view that the large market methodology makes
22Due

to this difference from the deferred acceptance algorithm, the Boston mechanism is sometimes

referred to as the immediate acceptance algorithm.

24

FUHITO KOJIMA

market design irrelevant (i.e., all problems go away anyway), this methodology informs
us better to tell good mechanisms from bad ones.
A recent paper by Hatfield, Kojima, and Narita (2015) makes this point in a different
context. The question studied is how the design of a school choice mechanism affects
the competitive pressure on schools for improving themselves. They investigate whether
a matching mechanism has the property that a school is matched to a weakly more
preferred set of students whenever it becomes more preferred by students.23 This concept
formalizes the requirement that a mechanism should never punish a school for becoming
more desirable to students. They find that all standard mechanisms, including all stable
mechanisms as well as the Boston and the top trading cycles (TTC) mechanisms, fail this
property. In a sharp contrast to this negative result, they then consider an approximate
version of this property in the large markets and establish that all stable mechanisms
satisfy this approximate property, while both the Boston and the TTC mechanism fail
even this property. Their result is another case in point, suggesting that considering
approximate properties in the large market setting enables us to make sharper statements
about desirability of competing mechanisms.
More generally, modeling a market with a large number of participants can serve as
a useful modeling device. In studies of decentralized matching markets by Avery and
Levin (2010) and Che and Koh (2015), for instance, models with a continuum of students
facilitate equilibrium characterization. Echenique and Pereyra (2014) analyze a finite
population model for decentralized markets, but analyze its limit behavior as the market
size converges to infinity, which allows the authors to tell which predictions of the finite
population model are robust and remains relevant in large markets. For these papers, a
large market assumption is a natural modeling approach.
For all these reasons, criticisms toward the large market methodology seem to be unfounded. For market design, this approach allows us to distinguish good mechanisms from
bad ones based on their approximate performances. More generally, it allows researchers
to tell which of the properties found in stylized finite markets are likely to be relevant in
real markets. As such, I think that the large market approach should be regarded as a
standard tool in matching theory.

23This

concept is called respecting improvements of school quality. It is an adaptation of a notion due

to Balinski and Sönmez (1999) who consider respecting improvements of student quality.
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4. Matching with Constraints
Another major issue in matching theory is also related to the fact that the standard
theory is not always applicable in practical applications that interest us. In this section,
we discuss recent research in matching with constraints. As in the last section, the issue
arises in both two-sided matching and object allocation settings.
4.1. Two-sided matching with constraints. Real matching markets are often subject
to constraints. Medical residency programs may be subject to regulations which restrict
the number of positions for different medical specialties. In school choice, it is a common
practice to impose certain balance requirements on the student composition in terms of
socioeconomic status or academic achievement (Abdulkadiroğlu and Sönmez, 2003).
A leading example of matching with constraints is the medical residency match in
Japan. The Japanese government introduced a centralized matching mechanism for medical residents in 2003, and the initial mechanism was the doctor-proposing DA. However,
some critics asserted that DA placed too many doctors to hospitals in urban areas such as
Tokyo while causing doctor shortages in rural areas. In order to address this complaint,
the government introduced a new regulation, which we call a “regional maximum quota”
policy. Under this policy, for each region of the country, the number of residents who are
placed in that region is required to be at most the regional maximum quota granted for
that region. The idea of this regulation is to restrict the number of doctors matched in
urban areas such as Tokyo, thereby preventing what some see as too much imbalance of
doctor distributions.
In the Japanese application, each region corresponds to one of the 47 prefectures that
partition the country, such as Tokyo, Kyoto, and Osaka. Figure 4 presents the magnitude
of the regional maximum quota policy. Urban areas suffer from stringent constraints under
the policy. For instance, the total numbers of positions advertised by hospitals in Tokyo
and Osaka were 1,582 and 860 positions in 2008, respectively, while the government set the
regional maximum quotas of 1,287 and 533. Kyoto received an even larger proportional
reduction of positions, which offered 353 positions in 2008 while receiving the regional
maximum quota of 190, which is almost a 50 percent decline.24 In total, 34 out of the
country’s 47 prefectures are subject to binding regional maximum quotas in the sense that
the imposed regional maximum quotas are smaller than the total numbers of advertised
positions in 2008.
24In

fact, the magnitude of the planned changes were so large that the government implemented a

temporary provision that limited per-year reductions within a certain bound in the first few years of
operation.
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For each prefecture, the total capacity is the sum of adver-

tised positions in hospitals located in the prefecture in 2008. The regional
maximum quotas are based on the government’s plan in 2008 (Ministry of
Health, Labour and Welfare, 2009). Negative values of total capacities in
some prefectures indicate the excess amount of regional maximum quotas
beyond the advertised positions. Reproduced from Kamada and Kojima
(2015).

Policies that are mathematically isomorphic to regional maximum quotas exist in various contexts beyond the Japanese medical match example. For example, Chinese graduate admission is regulated by a policy that imposes a maximum quota on academically
oriented masters programs, which is part of an attempt by the government to increase
masters educated in professionally oriented programs. In many countries, there are statesponsored college seats which are subject to the state’s budget constraint, so the “region”
of the state-sponsored college seats is subject to a maximum quota constraint (examples
of Hungary and Ukraine are documented by Biró, Fleiner, Irving, and Manlove (2010) and
Kiselgof (2012)). Medical match in the U.K. works in two rounds, the first of which is an
allocation of doctors to different regions of the country while the second is the allocation
of doctors to specific hospitals within the region. The number of doctors matched in
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each region is bounded by the capacity for that region in the first round of the allocation
scheme.
As illustrated in the previous paragraphs, there are many real matching problems with
constraints. Unfortunately, existing solutions used in those markets suffer from inefficiency
and instability. The following example taken from Kamada and Kojima (2015) illustrates
a typical problem of existing mechanisms in the constrained matching problem, using the
Japanese mechanism as a concrete case (they also find similar drawbacks for mechanisms
in other constrained matching markets in practice).
Example 4 (An existing mechanism may lead to inefficiency and instability). The Japanese mechanism, called Japan Residency Matching Program (JRMP) mechanism by Kamada and Kojima (2015), is perhaps the simplest and the most prevalent mechanism
aimed at addressing regional maximum quotas. The mechanism runs the doctor-proposing
DA except that it replaces the actual hospital capacity with an exogenously given artificial capacity, called the target capacity, which is weakly smaller than each hospital’s real
capacity and, for each region, sums up to the regional maximum quota.
To see the shortcomings of the JRMP mechanism, consider the following (overly simplified) example. Let there be one region, and its regional maximum quota be 10 positions.
The capacity of each hospital is 10. Suppose that there are 10 doctors, i1 , . . . , i10 . Both
hospitals prefer i1 to i2 to ... to i10 to the outside option. Regarding the doctor preferences, i1 , i2 , and i3 prefer A to the outside option to B, while all other doctors prefer B
to the outside option to A.
Now consider the JRMP mechanism, assuming the target capacities for each hospital
to be 5. At the first step of the algorithm, doctors i1 , i2 and i3 apply to hospital A, and
all the remaining doctors apply to hospital B. Hospital A rejects no one at this round,
because the number of applicants is less than its target capacity and all the applicants are
acceptable to it. By contrast, hospital B rejects i9 and i10 while accepting other applicants,
because the number of applicants exceeds the target capacity while not the actual hospital
capacity. Given that i9 and i10 find A unacceptable, this algorithm terminates at this
point. Thus, the the outcome of this algorithm is given by
µ=

A

B

!

ø

i1 , i2 , i3 i4 , i5 , i6 , i7 , i8 i9 , i10

.

Consider a matching µ0 defined by,
µ0 =

A

B

i1 , i2 , i3 i4 , i5 , i6 , i7 , i8 , i9 , i10

!
.
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Since the regional maximum quota is still respected, µ0 is feasible. Moreover, every agent is
weakly better off with i9 , i10 , and B being strictly better off than at µ. Hence we conclude
that the JRMP mechanism results in an inefficient matching in this example.25



Remark 2. In the above example, the outcome of JRMP is unstable in a certain sense
as well. For instance, hospital B and doctor i9 form a blocking pair while the regional
maximum quota is not binding at µ. That is, even after i9 is matched with B, the total
number of doctors in the region is 9, which is less than the regional maximum quota of 10.
Although it is beyond the scope of this paper to provide and analyze a formal definition
of stability under constraints, the outcome of the JRMP mechanism clearly violates any
reasonable notion of stability. See Kamada and Kojima (2015, 2014b) for detail.
As mentioned earlier, Kamada and Kojima (2015) study other examples such as graduate school admission in China, medical match in the United Kingdom, and teacher
matching in Scotland. They find that all these environments are isomorphic to the problem with regional maximum quotas and mechanisms used in these markets fail efficiency
and stability.
The problem with the existing solutions is that they modify a standard mechanism such
as DA in one way or another, but they do not appropriately maintain desirable properties
of the original mechanism. Thus, instead of making a modification in an undisciplined
manner, it is useful to formalize normative properties that need to be satisfied and seek a
mechanism that satisfies those properties. Kamada and Kojima (2015) take this approach
and present a new mechanism that, for any given input, achieves efficiency, stability,
and incentive compatibility, among others. To do so, they define the flexible deferred
acceptance (FDA) algorithm. This algorithm resembles DA and in fact identical to
JRMP except that it has a kind of “waitlist processing” phase during each step of the
algorithm, where the target capacities allocated across hospitals in a region are modified
in a flexible manner. More specifically, the FDA algorithm proceeds in multiple steps of
doctors’ applications and hospitals’ acceptances/rejections like DA. The algorithm begins
with the empty matching, and each step t = 1, 2, . . . proceeds as follows:
25In

this example, not all hospitals are acceptable to all doctors. One may wonder whether this is

an unrealistic assumption because doctors may be so willing to work that any hospital is acceptable.
However, the example can be easily modified so that all hospitals are acceptable to all doctors while some
doctors are unacceptable to some hospitals (which may be a natural assumption because, for instance,
typically a hospital only lists doctors who they interviewed). Also, in many markets doctors apply to only
a small subset of hospitals. In JRMP, for instance, a doctor applies to only between 3 and 4 hospitals on
average (Kamada and Kojima, 2015).
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• Step t: Each doctor who is not tentatively kept by a hospital applies to her next
highest choice (if any).
– Phase 1: Each hospital considers both new applicants and doctors who are
temporarily held from the previous step together, and tentatively accepts
its most-preferred acceptable doctors up to its target capacity, put the next
preferred acceptable doctors on its waitlist up to its true capacity, and rejects
every other doctor.
– Phase 2: Take the first hospital with respect to an exogenously fixed order.
If there is any applicant on its waitlist and the total number of doctors tentatively matched in the hospital’s region is strictly smaller than its regional
maximum quota, then let the hospital tentatively accept its most preferred
applicant from its waitlist. Apply the same procedure to the second hospital
(again, with respect to the exogenously fixed order), and so forth (and after
the last hospital, return to the first hospital). When there is no more applicant to be processed, reject all the remaining doctors on the waitlist and
proceed to the next step.
The algorithm terminates at a step in which no rejection occurs (it is straightforward to
verify that this algorithm terminates in a finite number of steps). We define the FDA
mechanism to be the mechanism which produces the matching at the termination of the
above algorithm.
FDA is similar to DA, but guarantees a feasible outcome in the presence of constraints.
It differs from the JRMP mechanism in that it lets hospitals accept doctors in a flexible
manner, using the idea of waitlists. Note that Phase 1 of the FDA algorithm is identical
to a phase of JRMP, but it is followed by Phase 2, where hospitals can tentatively accept
additional doctors from the waitlist as long as its region’s maximum quota is not full. This
phase helps FDA correct the efficiency loss of the JRMP mechanism while still following
DA closely. In fact, Kamada and Kojima (2015) demonstrate that this algorithm finds
a stable and constrained efficient matching. In Example 4, for instance, the source of
inefficiency in JRMP was that doctors i9 and i10 are rejected from hospital B because of
the artificially specified target capacity even though neither the hospital’s capacity nor
the regional maximum quota necessitates rejection. The FDA algorithm eliminates this
inefficiency by allowing hospital B to accept doctors i9 and i10 from the waitlist in Phase
2.
Efficiency and stability are arguably among the most important goals for matching
market design, but they are by no means the only ones. As discussed in previous sections,
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incentive compatibility is important given that the matching organizer needs to elicit
preference information from the participants. In that regard, Kamada and Kojima (2015)
show that FDA is strategy-proof for doctors just as the original DA is.
Finally, when considering changing practical mechanisms, the effect of different mechanisms needs to be carefully traded off, because most policy changes do not cause Paretoimprovement. It turns out that the outcome of FDA is a Pareto-improvement over JRMP
for doctors, although not necessarily for all hospitals. That is, each doctor weakly prefers
the outcome of FDA to the outcome of JRMP. An interesting corollary of this result in
the medical matching context is that the total number of the medical residents who are
matched to some hospital residency programs will weakly increase if the mechanism is
changed from JRMP to FDA.
One important question is whether the magnitude of improvement by a better mechanism is substantial, and whether the loss from the constraints are significant enough to
warrant attention in the first place. As it seems elusive to establish a sharp and general
prediction on this question by theory alone, Kamada and Kojima (2015) supplement their
theoretical analysis with simulations. In their simulations, preferences of market participants are randomly generated, with the model parameters calibrated to closely match
the publicly available data for Japanese medical match. One of their simulations, reproduced in Figure 5, reports the number of matched and unmatched doctors under the
unconstrained DA (i.e., DA with no regional maximum quotas), JRMP, and FDA. The
simulation shows that the existence of regional maximum quotas can cause substantially
more doctors to be unmatched: About 800 out of about 8300 doctors are unmatched in
DA while the corresponding number is about 1400 in JRMP. Meanwhile, FDA alleviates
much of additional unmatched doctors. FDA leaves about 1000 doctors unmatched, which
is an increase of mere 200 additional doctors compared to the case with no constraints, as
opposed to 600 additional unmatched doctors in JRMP. See Kamada and Kojima (2015)
for more detail including the simulation methods and additional numerical results.
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Figure 5. The numbers of matched and unmatched doctors under different
mechanisms. “DA” refers to the DA outcome under no regional maximum
quota constraints.
4.1.1. Further contributions. Systematic studies in matching with constraints are still in
an early stage of development, so there are a variety of unsolved topics.
One of the basic questions in this area is: What matching should be deemed “desirable”? For efficiency, this question is pretty straightforward because the standard concept
of constrained Pareto efficiency is well-defined and has an obvious appeal. For stability,
however, the answer to this question is not trivial at all: On the one hand, the standard notion of stability is too demanding because there are cases in which every stable
matching in the standard sense violates a constraint; On the other hand, ignoring stability completely seems to be very unappealing given existing evidence that stability is
important for a success of matching markets. Is there a reasonable weakening of stability
that takes constraints into account while maintaining the spirit of the original concept?
Kamada and Kojima (2014b) study this issue. They define two concepts of stability
under constraints. The first concept, which the authors call strong stability, requires (in
addition to feasibility and individual rationality) that for any blocking pair, satisfying
that blocking pair by letting them match with each other will result in a violation of a
constraint. This definition is based on the requirement that when a blocking pair exists,
it is “inevitable” because satisfying them would result in infeasibility.
Although this is perhaps the most natural definition of stability under constraints, the
authors find that a strongly stable matching does not always exist: In fact, a strongly
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stable matching can be guaranteed to exist if and only if the constraints are trivial.26
Motivated by this result, they define a less demanding concept, weak stability. They
show that weak stability implies efficiency, that it is still strong enough to exclude some
unappealing matchings like the JRMP outcome in Example 4, and that it is characterized
by several standard axioms. In addition, a weakly stable matching always exists: in fact,
FDA produces a weakly stable matching.27
Although weak stability has some normative appeal, this concept may still be too
permissive for some applications. In fact, FDA satisfies not only weak stability, but also
certain distributional balance among hospitals in the same region. Motivated by this
fact, Kamada and Kojima (2014a) consider a model in which the social planner has a
policy goal on distributional balance of doctors beyond the hard regional maximum quota
constraints. They define an intermediate requirement called stability and show that a
generalization of FDA is strategy-proof for doctors and finds a stable matching.
Although matching with constraints is a new research topic, related models have been
studied in the literature in several contexts. In the medical match in 20th century United
Kingdom, some hospitals preferred to hire exactly one female doctor, and an algorithm
used there accommodated such hospital preferences (Roth, 1991). In school choice, schools
are often subject to diversity constraints in terms of socioeconomic status and academic
performance (Abdulkadiroğlu and Sönmez, 2003; Abdulkadiroğlu, 2005; Westkamp, 2013;
Kojima, 2012; Hafalir, Yenmez, and Yildirim, 2013; Ehlers, Hafalir, Yenmez, and Yildirim,
2014; Echenique and Yenmez, 2013). Models with constraints on sets of agents have
also been explored in the context of student-project allocations (Abraham, Irving, and
Manlove, 2007; Sönmez and Ünver, 2006) and college admission (Biró, Fleiner, Irving,
and Manlove, 2010). Kojima, Tamura, and Yokoo (2014) provide a framework based on
discrete convex analysis, a branch of discrete mathematics, to obtain various results in
these related but different models with a unified technique.
An important and actively studied problem with constraints is the case with minimum
quotas. Clearly, there are many matching problems in which the constraints take the
form of minimum quotas rather than maximum quotas. For example, school districts
may require at least a certain number of students are assigned to each school (Biró,
Fleiner, Irving, and Manlove, 2010). The cadet-branch matching program organized by
26More

specifically, the necessary and sufficient condition is that each constraint involves just one

hospital or the associated regional maximum quota is zero.
27The weak stability concept can be defined under more general constraint structures. In the general
case, FDA is not defined, but the authors show the existence of a weakly stable matching using a different
method.
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United States Military Academy imposes minimum quotas on the number of cadets who
must be assigned to each branch (Sönmez and Switzer, 2012; Sönmez, 2013). Minimum
quotas are studied by recent contributions such as Ehlers, Hafalir, Yenmez, and Yildirim
(2014), Ueda, Fragiadakis, Iwasaki, Troyan, and Yokoo (2012), Goto, Hashimoto, Iwasaki,
Kawasaki, Ueda, Yasuda, and Yokoo (2014), and Fragiadakis and Troyan (2013). A stable
matching does not always exist in the presence of minimum quotas, but these studies
have found various mechanisms that improve upon existing mechanisms while satisfying
desirable incentive compatibility properties.
4.1.2. Connection with matching with contracts. There is a connection between matching
with constraints and matching with contracts as defined by Hatfield and Milgrom (2005).28
This section illustrates how they are related.
Given the additional complications caused by constraints, it is often difficult to see
which of the desirable properties in the standard model can be generalized to the model
with constraints. Even if a generalization is possible, it may still be unclear to see what
kind of mechanism achieves those properties. In the context of matching with regional
maximum quotas, it proves useful to consider a hypothetical matching model where doctors are matched with regions rather than hospitals. In such a model, the choice pattern
implied by hospital preferences and constraints is interpreted to be the result of a “region’s
preferences.” The main advantage of this approach is that it enables us to treat a regional
maximum quota as a usual capacity of an agent, i,e., region, and apply results from existing matching models without constraints. Then one can show that a stable allocation
in the hypothetical model corresponds to a stable matching in the original model with
constraints. Moreover, some other desirable properties in the hypothetical model can be
translated to corresponding properties in the original model of matching with constraints.
However, this approach necessitates us to use a model of matching with contracts,
because the model needs to distinguish matching of the same doctor to two different
hospitals even if these hospitals are in the same region. More specifically, we treat these
28Fleiner

(2003) considers a framework that is more general than Hatfield and Milgrom (2005), while he

does not consider some results of interest for our purposes such as strategy-proofness. See also Crawford
and Knoer (1981) and Kelso and Crawford (1982) who consider matching with wages, which is a form
of contracts. Importantly, Echenique (2012) shows that in many-to-one matching with contracts, if
preferences of all hospitals are substitutable, then the model is isomorphic to matching with wages. The
models of Kamada and Kojima (2015, 2014a) do not reduce to matching with wages, however, because
their models need to use many-to-many matching with contracts (Kominers (2012) finds a correspondence
similar to Echenique’s in many-to-many matching under an additional condition, but his condition is not
satisfied in their setting).
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two matchings as different contracts between the same doctor-region pair. The model of
matching with contracts provides a useful language to describe such a distinction. With
this technique, Kamada and Kojima (2015, 2014a) show that results such as the existence
of a stable matching and strategy-proofness of FDA for doctors follow from corresponding
results in matching with contracts.29 Kojima, Tamura, and Yokoo (2014) use a similar
technique to derive results in various models of constraints such as regional maximum
quotas, regional minimum quotas, diversity constraints in schools, and cadet-branching
problem, all by way of associating them to models of matching with contracts.
4.2. Object allocation with constraints. Object-allocation problems are often subject
to constraints as well. We return to the model of object allocation problem which we
described in Section 3.3, but now we allow for constraints to restrict feasible allocations.
As illustrated earlier, randomization is a leading approach to restore fairness when allocating objects, especially if monetary transfer is not allowed due to legal or ethical or
other reasons. However, a major problem with randomization is that even if deterministic mechanisms under consideration have desirable properties such as Pareto efficiency,
a randomization over them can lose those properties. The RP mechanism is a case in
point, which is a uniform randomization over serial dictatorships with different serial
orderings: Although serial dictatorship is Pareto efficient for any serial order, RP can
produce an ordinally inefficient random allocation. To remedy such a drawback, a mechanism that directly produces a random assignment is promising (PS is such an example).
More generally, consider a random assignment matrix P = (PiA ) indexed by doctors and
hospitals, where entry PiA specifies the probability that doctor i obtains a seat at hospital
A. Working directly with such a matrix is useful because it makes it easy to define and
study efficiency, fairness, and incentive properties.
It is not clear, however, that such a method is justified. That is, given a random
assignment matrix, does there always exist a way to realize it as a lottery over feasible
deterministic outcomes?
Budish, Che, Kojima, and Milgrom (2013) tackle this question. They provide a necessary and sufficient condition for this method to be justified. First, using well-known results
in the combinatorial optimization literature, they identify a condition on the structure of
the constraints that is sufficient to guarantee that every random assignment that satisfies
the constraints in expectation can be implemented as a lottery over feasible pure assignments. That condition, called the “bihierarchy” condition, states that the entire structure
29They

use results from Hatfield and Milgrom (2005), Hatfield and Kojima (2009, 2010), and Hatfield

and Kominers (2009, 2014).
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can be partitioned into two hierarchical sets (a.k.a. laminar families) of constraints. Then
they demonstrate that the same condition is not only sufficient, but also necessary for
guaranteeing the implementation in two-sided assignment and matching environments.
Remark 3. As stated above, there is a sense in which the bihierarchy structure is necessary for implementation. The necessity statement, however, is formulated in terms of the
structures of the constraints for guaranteeing the implementation for all possible random
assignments and constraint values. There are cases in which implementation of a given
random assignment under a particular constraint values are possible even without the
bihierarchy structure. A sufficient condition based on this idea is given by Che, Kim, and
Mierendorff (2013).
Budish, Che, Kojima, and Milgrom (2013) apply the above implementation result to
several object allocation problems with constraints. First, the implementation result
enables them to generalize PS to various cases with maximum constraints, such as the
school choice problem with diversity constraints. Just as the original eating algorithm,
their generalized algorithm has each agent continuously “eat” her favorite available object
over a unit time interval; the only modification to this algorithm is to declare an object
“unavailable” to an agent whenever allowing her to eat more of that object will result in a
violation of a constraint. The above implementation result implies that the outcome of this
eating algorithm can be implemented as a lottery over feasible pure outcomes. In addition,
efficiency and fairness properties of the eating algorithm in the original setting extend to
their more general environment. In a similar spirit, the implementation result allows
generalizing other random assignment mechanisms such as the pseudo-market mechanism
by Hylland and Zeckhauser (1979).
4.2.1. Approximate implementation. As illustrated above, some types of constraints can
be readily accommodated by the bihierarchy condition of Budish, Che, Kojima, and Milgrom (2013), enabling fairly straightforward generalizations of desirable mechanisms from
simple settings to environments with those constraints. However, there are also natural
constraints that violate their condition. For instance, two maximum constraints that partially overlap with each other cannot be part of one hierarchy, so examples such as school
diversity constraints on race and gender cannot be handled by the above approach.30
30For

this statement, I assume that there is another (natural) hierarchy that includes constraints on

the number of schools that any one student can attend (typically just one school).
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Because the bihierarchy condition is not only sufficient but also “necessary” for guaranteeing implementation of lotteries, so it seems to be elusive to find a more general sufficient
condition.
Akbarpour and Nikzad (2014) tackle this question from a perspective closer to the
approach of “approximate market design” described in Section 3. They presume that
the constraints are divided into hard constraints that must always be satisfied and soft
goals that can be slightly violated if necessary. In school choice, for instance, the physical
capacity of a school may be a hard constraint that cannot be changed, while the diversity
constraints for different socioeconomic classes could be violated by a small number if
necessitated by other requirements. Akbarpour and Nikzad (2014) demonstrate that
if the hard constraints have the bihierarchical structure of Budish, Che, Kojima, and
Milgrom (2013), and the set of soft constraints satisfies certain conditions, then any given
random assignment can be implemented as a lottery over pure assignments that satisfy
all the hard constraints while violating soft constraints by a large amount only with
small probabilities. Nguyen, Peivandi, and Vohra (2014) take a similar approach to study
random assignment problems when the agents have limited preference complementarities.
5. Conclusion
This paper surveyed some of the recent advances in matching theory and its applications
to market design. I emphasized the influence of theory to applications and vice versa. In
particular, I described the way that recent development of theory has produced positive
results in problems in which traditional theory has been negative.
As I mentioned at the outset, I restricted attention to a small subset of topics in
matching theory. Inevitably, there are many exciting topics I had to omit. One such
topic is dynamic matching. Akbarpour, Li, and Oveis Gharan (2014) and Anderson,
Ashlagi, Gamarnik, and Kanoria (2015) study dynamic matching when preferences are
dichotomous as in the case of kidney exchange.31 They find that the benefit from waiting
and making the market thick depends on the agents’ discount factor and information
structure in very striking manners. Baccara, Lee, and Yariv (2015) consider two-sided
matching over time with vertically differentiated types and derive an optimal policy.
These papers have started to formally study tradeoffs between thickening the market and
matching agents quickly, a topic that the standard static matching models did not have
a tool to analyze with.
31See

also an earlier contribution of Ünver (2010), who studies the optimal design of kidney exchange

in a dynamic environment.
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Matching theory plays an increasingly important role in economic theory while also
influencing policies in a fruitful manner. I think that the literature has been advancing
with a healthy mix of abstract theory and practical considerations. I hope that this trend
will continue and help us understand how to improve our institutions.
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Sönmez, T., and M. Ünver (2006): “School Choice with Aggregate Capacity Constraints,” mimeo.
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