
Economics 703
Advanced Microeconomics Prof. Peter Cramton

Problem Set 9

1. Consider designing an optimal auction when the bidders' valuations are correlated.  In Myerson's

notation, let n = 2, T1 = T2 = {0,100}, and t0 = 0.  Let Pr{t1 = t2 = 100} = p, Pr{t1 = t2 = 0} = q, and

Pr{t1=100,t2=0}=Pr{t1=0,t2=100}.
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measures the correlation between t1 and t2.

Unlike the auctions characterized in the Revenue Equivalence Theorem, in which the seller's expected

revenue is the expectation of the second-highest type, here the seller can extract the expectation of the

highest type, as follows.  For i,j ∈  {1,2}, define

Pi(ti > tj) = 1, Pi(ti = tj) = 1/2,

Xi(ti = tj = 100) = 50, Xi(ti = tj = 0) = -b,

Xi(ti > tj) = 100, Xi(ti < tj) = c,

where b,c > 0.  So when t1=t2=0, the seller pays each bidder b, and when ti = 0 < tj = 100, the losing bidder

does not get the object but must pay c.  The constants b and c define a side-bet that relaxes the IC and IR

constraints.  The seller is indifferent about the side-bet if its expected value is zero:

-2bq + c(1 - p - q) = 0.

Write down the IC and IR constraints for the bidders, and use them to determine values for b and c that

allow the seller to extract all the expected surplus from the bidders.  Consider the changes in these values of

b and c as D →  0 and as p + q →  1.  [Note the close connection to Proposition 1 in Demski and Sappington,

JET (1983).]

2. The winner's curse in common-value auctions arises because the maximum of a collection of unbiased

signals is not unbiased.  To see this concretely, let each of n bidders observe a signal si = v + εi about the

common value v, where the noise terms are independently distributed according to the density p(ε).  For

simplicity, let the prior belief about v be diffuse.  Then the density of v given the signal si is

f(v|s )
p(s v) if  s E v s E
0 otherwise.i

i i i=
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Let p(ε) = 1/2E on [-E,E].  Then E(v | si) = si.  The question is, what is

E(v|s ,s maxs ) v (s ) ?i i j i j n i> ≡
≠

To calculate this, define Pn(ε) = Pr{εi ≤ ε for i = 1,...,n}

and let pn(ε) = P'n(ε).  Then
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f(v|s ,s maxs ) p (s - v).i i j i j n i> =
≠

Calculate Pn(ε) and v (s )n i .  What happens to both as n increases?

3. Consider a private value bidding model with n bidders, each with valuation vi drawn independently

from the distribution F with density f.  The seller has a value v0, which is common knowledge. 

Unfortunately, the seller is convinced that the n bidders are colluding by forming a "bidding ring."  The ring

works as follows:  the ring holds a separate auction to determine who gets the good (i.e., who values the

good the most) and what side-payments will be made to the others for participating in the ring, and then the

winner in the "ring auction" submits the lowest acceptable bid and all others bid even less.  The seller

wishes to determine the optimal (revenue maximizing) reserve price r against the bidding ring.

(a) Suppose there is just a single bidder (n=1).  What reserve price r should the seller set to maximize

expected revenue?  (You may assume that [1 - F(v)]/f(v) is strictly decreasing in v.)

(b) With n colluding bidders what is the optimal reserve price?

(c) Let F(v) = v and v0 = 0.  What happens to the optimal reserve price as n →  ∞?  What is the probability

of trade as n →  ∞?

4. Reputations with Incomplete Information.  An incumbent firm, I, is contemplating competition from a

sequence of potential entrants (E1, E2,..., En, ...).  The "contest" at each period n is given in the extensive

form below.

I:    8        
En:  0 

fight                  acquiesce 

in           out 

En 

2 

I:     2             4 
En:  -2            2 

The potential entrant En decides to enter the market or stay out.  If En enters (incurring fixed costs of 2), then

the incumbent must decide to fight the entry or acquiesce.  The incumbent gets the entire monopoly profits

of 8 if the entrant stays out.  If there is entry, the incumbent can acquiesce (split the profits with the entrant)

or fight, which is costly for both.  Each entrant En knows what has happened in the previous n - 1 periods

and so can condition its action on this history.  The incumbent discounts future payoffs according to the

discount factor δ.

(a) Determine a subgame-perfect equilibrium (SPE) in the one-shot game with a single potential entrant.  Is
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this equilibrium unique?

(b) Determine a SPE in the game with a finite number of potential entrants.  Is this equilibrium unique?

(c) Now consider the game with an infinite sequence of entrants.  For what values of the discount factor δ
is there an equilibrium in which each potential entrant stays out.  What are the equilibrium strategies?

(d) In the answer to (c), the incumbent's "reputation" is never tested or even established, since in

equilibrium the incumbent never needs to fight.  This unrealistic feature of the model can be corrected by

introducing the possibility of a second "type" of entrant.  In particular, suppose that each entrant is of one of

two types, either "weak" or "strong."  A weak entrant has preferences as above; whereas, a strong entrant

has preferences such that it is a dominant strategy to enter the market.  Suppose each entrant is strong with

probability α (independent of the types of other entrants) and weak with probability 1 - α.  Determine for

what values of α and δ the following strategies constitute an equilibrium.

I's strategy:  Fight every entry, unless you have failed to fight in the past in which case always acquiesce.

En's strategy if strong:  Always enter, regardless of the past history.

En's strategy if weak:  Stay out, unless the incumbent has failed to fight in the past in which case enter.


