
Economics 703: Advanced Micro 

Problem Set 1: Suggested Solutions 

1. First, consider what the sets 𝑆𝑆min = argmin
𝑗𝑗

�𝑠𝑠𝑗𝑗 − �̅�𝑠� and 𝑆𝑆max = argmax
𝑗𝑗

�𝑠𝑠𝑗𝑗 − �̅�𝑠� look like. 

Assume, without loss of generality, that 0 ≤ 𝑠𝑠1 ≤ 𝑠𝑠2 ≤ 𝑠𝑠3 ≤ 1 and 𝑠𝑠3 − 𝑠𝑠2 ≥ 𝑠𝑠2 − 𝑠𝑠1. Then, we 
have that 

𝑆𝑆min = �
 {2} if 𝑠𝑠1 ≠ 𝑠𝑠2 and 𝑠𝑠2 ≠ 𝑠𝑠3;
 {1,2} if 𝑠𝑠1 = 𝑠𝑠2 ≠ 𝑠𝑠3; and
 {1,2,3} if 𝑠𝑠1 = 𝑠𝑠2 = 𝑠𝑠3.

 

Note that, by our assumption that 𝑠𝑠3 − 𝑠𝑠2 ≥ 𝑠𝑠2 − 𝑠𝑠1, we cannot have 𝑠𝑠1 ≠ 𝑠𝑠2 = 𝑠𝑠3. Similarly, 
we have that 

𝑆𝑆max = �
 {3} if 𝑠𝑠3 − 𝑠𝑠2 > 𝑠𝑠2 − 𝑠𝑠1;
 {1,3} if 𝑠𝑠3 − 𝑠𝑠2 = 𝑠𝑠2 − 𝑠𝑠1 > 0;  and
 {1,2,3} if 𝑠𝑠1 = 𝑠𝑠2 = 𝑠𝑠3.

 

Now, we consider possible strategy profiles by case: 
a. All three agents play the same value: 0 ≤ 𝑠𝑠1 = 𝑠𝑠2 = 𝑠𝑠3 ≤ 1. By the above, in this case 

we have that 𝑆𝑆min = 𝑆𝑆max = {1,2,3}. All three agents are receiving payoffs of 0; if one of 
them deviates, however, to any 𝑦𝑦 ≠ 𝑥𝑥, 𝑦𝑦 ∈ [0,1], they will remain in the set 𝑆𝑆max but 
not the set 𝑆𝑆min, improving their payoff to 1; thus, there can be no equilibria of this 
form. 

b. Two of the agents play the same value: 0 ≤ 𝑠𝑠1 < 𝑠𝑠2 = 𝑠𝑠3 ≤ 1. Here, we have 𝑆𝑆min =
{2,3} and 𝑆𝑆max = {1}, and each agent receives payoff 1. Agent 1 has no deviation that 
can improve this, as they remain in 𝑆𝑆max regardless of their chosen value. Consider 
agent 2’s utility function: 

𝑢𝑢2(𝑠𝑠1, 𝑠𝑠′, 𝑠𝑠3) =

⎩
⎪
⎨

⎪
⎧

1 𝑖𝑖𝑖𝑖 0 ≤ 𝑠𝑠′ ≤ 𝑠𝑠1 − ∆;
2 𝑖𝑖𝑖𝑖 𝑠𝑠1 − ∆ < 𝑠𝑠′ < 𝑠𝑠1;
1 𝑖𝑖𝑖𝑖 𝑠𝑠1 ≤ 𝑠𝑠′ ≤ 𝑠𝑠3;
2 𝑖𝑖𝑖𝑖 𝑠𝑠3 < 𝑠𝑠′ < 𝑠𝑠3 + ∆; and
1 𝑖𝑖𝑖𝑖 𝑠𝑠3 + ∆ ≤ 𝑠𝑠′ ≤ 1,

 

where ∆ = 𝑠𝑠3 − 𝑠𝑠1. Agent 2 has a profitable deviation unless the intervals (𝑠𝑠1 − ∆, 𝑠𝑠1) 
and (𝑠𝑠3, 𝑠𝑠3 + ∆) are both empty, i.e. 𝑠𝑠1 = 0 and 𝑠𝑠3 = 1. A symmetric argument applies 
to agent 3. Thus, we have an equilibrium if and only if 𝑠𝑠1 = 0 and 𝑠𝑠2 = 𝑠𝑠3 = 1. 

b′. Two of the agents play the same value: 0 ≤ 𝑠𝑠1 = 𝑠𝑠2 < 𝑠𝑠3 ≤ 1. A symmetric argument to 
case (b) above gives us that the only equilibrium occurs when 𝑠𝑠1 = 𝑠𝑠1 = 0 and 𝑠𝑠3 = 1. 

c. All three agents play distinct values: 0 ≤ 𝑠𝑠1 < 𝑠𝑠2 < 𝑠𝑠3 ≤ 1. If 𝑠𝑠3 − 𝑠𝑠2 ≥ 𝑠𝑠2 − 𝑠𝑠1, then 
3 ∈ 𝑆𝑆max; for any sufficiently small 𝜖𝜖 > 0, however, agent 3 can deviate to 𝑠𝑠′ = 𝑠𝑠2 + 𝜖𝜖 
and ensure that 𝑠𝑠′ ∉ 𝑆𝑆min ∪ 𝑆𝑆max, yielding a payoff of 2. Similarly, if 𝑠𝑠2 − 𝑠𝑠1 ≥ 𝑠𝑠3 − 𝑠𝑠2, 
then 1 ∈ 𝑆𝑆max, but can deviate to 𝑠𝑠′ = 𝑠𝑠2 − 𝜖𝜖 and ensure that 𝑠𝑠′ ∉ 𝑆𝑆min ∪ 𝑆𝑆max, yielding 
a payoff of 2. Thus, we always have that at least one of the agent 1 or 3 has a feasible, 
profitable deviation, and so no equilibria of this form exist. 

Since every possible strategy profile is symmetric with one of the above, we can see that the set 
of pure strategy equilibria contains precisely those profiles where two agents play 0 and the 
third plays 1, or vice versa.  



2. Before addressing the individual parts of the problem, we make some general observations 
about the correlated equilibria for the core game. Let (𝑤𝑤,𝑔𝑔2,𝑔𝑔1, 0) denote our proposed 
correlated equilibrium, where these numbers represent the probability we select the action 
profiles (𝑊𝑊,𝑊𝑊), (𝑊𝑊,𝑃𝑃), (𝑃𝑃,𝑊𝑊), and (𝑃𝑃,𝑃𝑃), respectively. Since we place no weight on the 
profile (𝑃𝑃,𝑃𝑃), if either agent is told to Proceed, they can conclude that the other agent was told 
to  Wait and they will receive their optimal payoff of 1. Thus, to verify that we have a valid 
equilibria, we need only check that when either agent is told to Wait that it is a best response to 
follow this recommendation. 

a. To ensure that agent 1 will Wait when told to do so, we need that 
𝑢𝑢1(𝑊𝑊,𝑊𝑊) ⋅ Pr[(𝑊𝑊,𝑊𝑊) | 𝐸𝐸] + 𝑢𝑢1(𝑊𝑊,𝑃𝑃) ⋅ Pr[(𝑊𝑊,𝑃𝑃)| 𝐸𝐸]

≥ 𝑢𝑢1(𝑃𝑃,𝑊𝑊) ⋅ Pr[(𝑊𝑊,𝑊𝑊) | 𝐸𝐸] + 𝑢𝑢1(𝑃𝑃,𝑃𝑃) ⋅ Pr[(𝑊𝑊,𝑊𝑊) | 𝐸𝐸] 
where 𝐸𝐸 is the event that agent 1 is told to Wait. Substituting in payoffs from the game 
and probabilities from our proposed equilibrium, the above becomes 

−1 ⋅
𝑤𝑤

𝑤𝑤 + 𝑔𝑔2
+ 0 ⋅

𝑔𝑔2
𝑤𝑤 + 𝑔𝑔2

≥ 1 ⋅
𝑤𝑤

𝑤𝑤 + 𝑔𝑔2
− 10 ⋅

𝑔𝑔2
𝑤𝑤 + 𝑔𝑔2

, 

which holds if and only if 5𝑔𝑔2 ≥ 𝑤𝑤. Symmetric reasoning gives us that we need 5𝑔𝑔1 ≥ 𝑤𝑤 
in a correlated equilibrium as well. These two inequalities, along with the requirement 
that 𝑔𝑔1 + 𝑔𝑔2 + 𝑤𝑤 = 1 define the set of valid correlated equilibria. 

b. Here, recall that agents 1 and 2 arrive independently with probabilities 𝑝𝑝1 and 𝑝𝑝2, 
respectively, and must make a decision on whether or not to proceed before learning 
whether their opponent shows up. Recall that payoffs to an agent who does not show 
up are always 0, and payoffs to an agent who does show up but whose opponent does 
not show up are identical to those when the opponent always Waits. Thus, an agent 
who does not show up has no profitable deviations, and our condition for agent 1 when 
showing up and told to wait becomes 

�−
𝑤𝑤

𝑤𝑤 + 𝑔𝑔2
� ⋅ 𝑝𝑝2 + (−1)(1− 𝑝𝑝2) ≥ �

𝑤𝑤
𝑤𝑤 + 𝑔𝑔2

−
10𝑔𝑔2
𝑤𝑤 + 𝑔𝑔2

� ⋅ 𝑝𝑝2 + (1)(1 − 𝑝𝑝2), 

which holds if and only if (6𝑝𝑝2 − 1)𝑔𝑔1 ≥ 𝑤𝑤. Symmetric reasoning gives us that we need 
(6𝑝𝑝1 − 1)𝑔𝑔2 ≥ 𝑤𝑤 as well. These two inequalities, along with the requirement that 𝑔𝑔1 +
𝑔𝑔2 + 𝑤𝑤 = 1 define the set of valid correlated equilibria. 

c. Recalling that when agent 1 does not show up they receive payoff 0, and when agent 1 
does show up but agent 2 does not, agent 1 receives the same payoffs as they would if 
agent two played W, we can compute agent 1’s expected utility as 

𝑢𝑢�1 = 𝑝𝑝1 ⋅ (𝑔𝑔1 − 𝑤𝑤 − (1 − 𝑝𝑝2)𝑔𝑔2) = 𝑝𝑝1(𝑔𝑔1 − 𝑔𝑔2) + 𝑔𝑔2𝑝𝑝1𝑝𝑝2 − 𝑤𝑤𝑝𝑝2; 
symmetrically, we can compute player 2’s expected utility as 

𝑢𝑢�2 = 𝑝𝑝2(𝑔𝑔2 − 𝑔𝑔1) + 𝑔𝑔1𝑝𝑝1𝑝𝑝2 − 𝑤𝑤𝑝𝑝1. 
Combining these, we get that the social welfare for a given correlated equilibrium 
(𝑔𝑔1,𝑔𝑔2,𝑤𝑤) can be expressed as 

𝑆𝑆𝑊𝑊 = 𝑔𝑔1(𝑝𝑝1 − 𝑝𝑝2) + 𝑔𝑔2(𝑝𝑝2 − 𝑝𝑝1) + (𝑔𝑔1 + 𝑔𝑔2)𝑝𝑝1𝑝𝑝2 − 𝑤𝑤(𝑝𝑝1 + 𝑝𝑝2). 
Combining like terms, and recalling that we must have 𝑔𝑔1 + 𝑔𝑔2 + 𝑤𝑤 = 1, we can 
simplify this as 

𝑆𝑆𝑊𝑊 = (𝑔𝑔1 − 𝑔𝑔2)(𝑝𝑝1 − 𝑝𝑝2) + (1 −𝑤𝑤)𝑝𝑝1𝑝𝑝2 − 𝑤𝑤(𝑝𝑝1 + 𝑝𝑝2). 
By inspection, we can see that if we want to maximize social welfare, we should (i) set 𝑤𝑤 
to the smallest allowed value of 𝑤𝑤 = 0.05; and (ii) maximize (𝑔𝑔1 − 𝑔𝑔2) whenever 𝑝𝑝1 >
𝑝𝑝2, and maximize (𝑔𝑔2 − 𝑔𝑔1) whenever 𝑝𝑝2 > 𝑝𝑝1. Recalling our answer to part (b), this 



means that in the former case, social welfare is maximized by the correlated equilibrium 
where 𝑔𝑔2 = 𝑤𝑤/(6𝑝𝑝1 − 1), 𝑤𝑤 = 0.05, and 𝑔𝑔1 = 1 − 𝑔𝑔2 − 𝑤𝑤; in the latter case, social 
welfare is maximized by correlated equilibrium where 𝑔𝑔1 = 𝑤𝑤/(6𝑝𝑝2 − 1), 𝑤𝑤 = 0.05, 
and 𝑔𝑔2 = 1 − 𝑔𝑔1 − 𝑤𝑤. Finally, when 𝑝𝑝1 = 𝑝𝑝2, the relative values of 𝑔𝑔1 and 𝑔𝑔2 do not 
affect the social welfare, and so any valid correlated equilibrium with 𝑤𝑤 = 0.05 will 
maximize social welfare. 

d. First, observe that in this version of the game, whenever a player is told to play 𝑊𝑊, they 
can infer that their opponent has shown up. As such, the conditions on correlated 
equilibria become identical to the original ones from part (a), and we get the same set 
of correlated equilibria as we did there. 
Since in this scenario a player is always told to play 𝑃𝑃 if their opponent fails to appear, 
we can see that the expected utility of player 1 is 

𝑢𝑢�1 = 𝑝𝑝1(1− 𝑝𝑝2) + 𝑝𝑝1𝑝𝑝2(𝑔𝑔1 − 𝑤𝑤), 
and similarly, the expected utility of player 2 is 

𝑢𝑢�2 = 𝑝𝑝2(1− 𝑝𝑝1) + 𝑝𝑝1𝑝𝑝2(𝑔𝑔2 − 𝑤𝑤). 
Combining these and using the substitution 𝑔𝑔1 + 𝑔𝑔2 + 𝑤𝑤 = 1, we can express the social 
welfare as 

𝑆𝑆𝑊𝑊 = 𝑝𝑝1 + 𝑝𝑝2 − 𝑝𝑝1𝑝𝑝2(1 + 3𝑤𝑤). 
So, if we want to maximize social welfare, we need only ensure that we minimize 𝑤𝑤 by 
setting it to the smallest allowed value of 𝑤𝑤 = 0.05; so any valid correlated equilibrium 
with 𝑤𝑤 = 0.05 will maximize social welfare. 
Finally, if we want to understand which intersections will see the most benefit from this 
technology, we should identify (in terms of 𝑝𝑝1 and 𝑝𝑝2) where the difference in (maximal) 
social welfare between the two games is largest. If we plot this difference as a function 
of 𝑝𝑝1 and 𝑝𝑝2, we get the below surface (using WolframAlpha): 

 From this plot, we can see that the maximum benefit is experienced when 𝑝𝑝1 = 𝑝𝑝2 = 1
2
. 

Intuitively, this makes sense – the main benefit of the second game is that we never 
need to make a player wait when their opponent does not show up. When, e.g., 𝑝𝑝1 is 
much larger than 𝑝𝑝2, we know that player 1 is much more likely to be at the intersection 
alone than player 2, and can tune the stoplight accordingly; however we have the least 
power to improve the outcome with stoplight timing when 𝑝𝑝1 = 𝑝𝑝2, and so see the most 

https://goo.gl/JVAfgu


benefit from sensor-based switching. Further, intersections where 𝑝𝑝1 and 𝑝𝑝2 are both 
small see less traffic overall, and so generate less social welfare (and a smaller increase 
from improved technology); intersections where 𝑝𝑝1 and 𝑝𝑝2 are both large will be less 
likely to see only one car arrive, and so will see less benefit from a technology focused 
on improving wait times when only one car is present. 

 

3.  As mentioned in the statement of the problem, we will ignore probability zero events (ties). The 
main useful implications of this for us will be that (i) any pure strategy will induce a unique best 
response; and (ii) in part (b) we reject games where the 2-strategy player has some (mixed) 
strategy which induces all 3 of the other player’s strategies as best responses. (The latter follows 
from the observation that for all three strategies to simultaneously be best responses, we 
effectively must draw three random lines and have all three intersect at a common point.)  

a.  We claim that there are only three possible outcomes, all with an odd number of 
equilibria: 

i. 0 pure Nash equilibria and 1 mixed Nash equilibrium; 
ii. 1 pure Nash equilibrium and 0 mixed Nash equilibria; or 

iii. 2 pure Nash equilibria and 1 mixed Nash equilibria. 
This can be shown by breaking outcomes into cases as follows. First, observe that if 
either player has a dominant strategy, it must be strictly dominant since we reject ties, 
and so iterated removal of strictly dominated strategies leaves us in case (ii), with a 
unique Nash equilibrium. Otherwise, both players have distinct best responses to each 
of their opponent’s strategies. This has two key implications. First, that for some mixed 
strategy of their opponent, they will be indifferent between their own strategies and so 
willing to mix; this implies that we will always have a mixed Nash equilibrium. Second, 
that the best responses to pure strategies must follow one of two general patterns: they 
will either be cyclical as in matching pennies, or will form two stable pairs as in battle of 
the sexes. In the former case we have no pure Nash equilibria and are in case (i) above, 
while in the latter we have 2 pure Nash equilibria and are in case (iii) above. 

b. We claim that there are only four possible outcomes, all with an odd number of 
equilibria (note the only change from part (a) is the addition of outcome (iv)):  

i. 0 pure Nash equilibria and 1 mixed Nash equilibrium; 
ii. 1 pure Nash equilibrium and 0 mixed Nash equilibria; 

iii. 2 pure Nash equilibria and 1 mixed Nash equilibria; or 
iv. 1 pure Nash equilibrium and 2 mixed Nash equilibria. 

To make the discussion concrete, we will assume we have a Row player with strategies 
L, C, and R; and that we have a Column player with strategies T and B. First, note that if 
any of the Row player’s strategies are strictly dominated, once we eliminate it we will be 
in one of the cases discussed in part (a). We focus on the remaining cases here, and 
assume without loss of generality that each of the strategies L, C, and R is the unique 
best response to T, B, or some mixture of the two (recall we reject games with ties). In 
particular, we assume that the below diagram: 

T 
 

B 
 

L 
 

C 
 

R 
 



 
represents a best response map for the Row player, showing the (mixed) strategies of 
the Column player that each of L, C, and R are best responses to. So L is a best response 
to T, and mixtures of T and B that are sufficiently heavy on T; R is a best response to B, 
and mixtures of T and B that are sufficiently heavy on B; and C is a best response to 
mixtures that are more balanced.  
Consider for each of the strategies L, C, and R whether the Column players best 
response to it is T or B.  
First, observe that if the best responses to L and C differ, then an appropriate mixture of 
L and C will make the Column player indifferent between T and B; since we already 
know that the point separating L from C represents a mixture of T and B that makes the 
Row player indifferent between L and C, we may conclude there is a mixed Nash 
equilibrium where Row mixes L and C and Column mixes T and B. By similar reasoning, if 
Column’s best responses to C and R differ, we may conclude there is a mixed Nash 
equilibrium where Column mixes T and B and Row mixes C and R. 
Second, observe that if the best response to L is T, then T and L are mutual best 
responses, and so (T, L) is a pure Nash equilibrium; further, this is the only way for (T, L) 
to be a Nash equilibrium. Similarly, (B, R) is a Nash equilibrium iff B is the best response 
to R.   
Using the above two observations, we can compute the number of pure and mixed Nash 
equilibria for each combination of best responses to the strategies L, C, and R; the table 
below enumerates these cases. Each falls into one off the claimed categories of 
outcome. 
 

Outcome
BR to L BR to C BR to R Pure Mixed Total category

T T T 1 0 1 (ii)
T T B 2 1 3 (iii)
T B T 1 2 3 (iv)
T B B 2 1 3 (iii)
B T T 0 1 1 (i)
B T B 1 2 3 (iv)
B B T 0 1 1 (i)
B B B 1 0 1 (ii)

Best Responses # of Nash Eq'a

 


